Within the isospin-and momentum-dependent transport model IBUU11, we examine the relativistic retardation effects of electrical fields on the π − /π + ratio and neutron-proton differential transverse flow in heavy-ion collisions at intermediate energies. Compared to the static Coulomb fields, the retarded electric fields of fast-moving charges are known to be anisotropic and the associated relativistic corrections can be significant. They are found to increase the number of energetic protons in the participant region at the maximum compression by as much as 25% but that of energetic neutrons by less than 10% in 197 Au+ 197 Au reactions at a beam energy of 400 MeV/nucleon. Consequently, more π + and relatively less π − mesons are produced, leading to an appreciable reduction of the π − /π + ratio compared to calculations with the static Coulomb fields. Also, the neutron-proton differential transverse flow, as another sensitive probe of high-density symmetry energy, is also decreased appreciably due to the stronger retarded electrical fields in directions perpendicular to the velocities of fast-moving charges compared to calculations using the isotropic static electrical fields. Moreover, the retardation effects on these observables are found to be approximately independent of the reaction impact parameter.
I. INTRODUCTION
Nuclear symmetry energy E sym (ρ) at supra-saturation densities is currently the most uncertain part of the Equation of State (EOS) of dense neutron-rich nucleonic matter that can be found in central heavy-ion collisions with rare isotopes in terrestrial laboratories, interiors of neutron stars and overlapping regions of cosmic collisions involving neutron stars and/or black holes. Much efforts have been devoted to extracting information about the E sym (ρ) from experimental observables and astrophysical messengers, see, e.g., refs. [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] for comprehensive reviews. Central heavy-ion reactions play a special role in this endeavor as they are the unique tools available in terrestrial laboratories to form dense neutron-rich matter. The heavy-ion reaction community has actually identified several promising probes of the high-density behavior of E sym (ρ). In particular, the ratio π − /π + of charged pions and the neutron-proton differential transverse flow have been found consistently using several transport models, e.g., refs [17] [18] [19] [20] [21] [22] , to be among observables most sensitive to the high-density behavior of nuclear symmetry energy. For example, these different models all agree qualitatively that a larger (lower) value of E sym (ρ) at supra-saturation densities will lead to a more neutron-poor (rich) participant region and subsequently a lower (higher) π − /π + ratio. Quantitatively, however, it has also been shown in several studies that current predictions are still too model * Corresponding author. E-mail: wei.gaofeng@foxmail.com and interaction dependent [23] [24] [25] [26] [27] [28] [29] [30] [31] to make a strong conclusion about the high-density E sym (ρ) from comparing calculations with existing π − /π + data [32] . While new experiments are being carried out [33, 34] , more theoretical efforts have been devoted recently to investigating various uncertain aspects associated with pion production in heavy-ion collisions. These include the in-medium pion potential [27, 29, 30, [35] [36] [37] , the isovector potential of ∆(1232) resonances [38] [39] [40] , neutron-skins of colliding nuclei [41] , and tensor-force-induced short-range correlations [42, 43] . Moreover, the transport reaction theory communities have been making efforts to compare codes to better understand model dependence, identify best practices and develop new strategies to more reliably extract information about the high-density symmetry energy from heavy-ion reactions at intermediate energies [44] [45] [46] .
It is well known that the Coulomb field affects significantly the spectrum ratio of charged pions in heavy-ion reactions, see, e.g., refs. [47] [48] [49] [50] [51] [52] [53] [54] [55] [56] . To our best knowledge, in most of dynamical simulations of heavy-ion reactions so far only the standard Coulomb field E static is used. However, it is also well known that the first-order relativistic correction to the electric field created by a moving charge of velocity v is E static · [1 + (3cos(θ) − 1) · v/c)] where θ is the angle between v and the field position vector according to the Liénard-Wiechert formula. The correction is angular dependent and significant for fastmoving particles. For the field points along the direction of motion of the charged particle, the correction is 2 · v/c which may have significant effects on charged pions or even protons in heavy-ion collisions at interme-diate energies. Moreover, the retarded electric field is the strongest in the direction perpendicular to the velocity of the charged particle instead of being isotropic as the static Coulomb field. Thus, it is useful to examine how the relativistically retarded electrical field may affect some experimental observables known to be sensitive to the high-density behavior of nuclear symmetry energy.
In this work, effects of relativistically retarded electric fields on the π − /π + ratio and neutron-proton differential transverse flow are studied in heavy-ion reactions at intermediate energies. We found that the retarded electric fields increase the number of energetic protons (neutrons) in the participant region by as much as 25% (less than 10 % as a secondary effect) leading to relatively more π + production, thus a reduction of the π − /π + ratio by about 8% compared with calculations using the static Coulomb field as normally done in transport model simulations of heavy-ion collisions at intermediate energies. Appreciable effects on the neutron-proton differential transverse flow are also found. Moreover, these retardation effects are found to be approximately independent of the impact parameter of the reaction. Thus, as an intrinsic feature of electrical interactions associated with high-speed charged particles, relativistic retardation effects should be considered to predict more precisely the π − /π + ratio and neutron-proton differential transverse flow in heavy-ion collisions at intermediate energies.
In the following, we first outline the major ingredients of the isospin-and momentum-dependent BoltzmannUehling-Uhlenbeck transport model (IBUU) [57] and recall the Liénard-Wiechert formalism in Section II. We then discuss our results in Section III. A summary will be given in Section IV.
II. THE IBUU TRANSPORT MODEL INCORPORATING LIÉNARD-WIECHERT POTENTIALS
The present study is carried out within the IBUU transport model [57] . In the IBUU11 version of this model, the nuclear mean-field interaction is expressed as [58, 59] 
In the above expression, ρ = ρ n + ρ p is the nucleon number density and δ = (ρ n − ρ p )/ρ is the isospin asymmetry of the nuclear medium; ρ n(p) denotes the neutron (proton) density, the isospin τ is 1/2 for neutrons and −1/2 for protons, and f ( p) is the local phase space distribution function. The parameters A l (x) and A u (x) are in forms of [59] 
Compared to the IBUU04 version [57] of the model where the modified Gogny MDI (Momentum-DependentInteraction) is used, the adjusted parameters of A l (x), A u (x), C τ,τ , C τ,−τ used in IBUU11 take into account more accurately the spin-isospin dependence of inmedium effective many-body forces by distinguishing the density dependences of nn, pp and np interactions in the effective 3-body force term [60] . They can also better fit the high-momentum behaviors of both the isoscalar and isovector nucleon optical potential extracted from nucleon-nucleus scattering experiments [61] . Using empirical constraints and properties of symmetric nuclear matter at normal density, the values of these parameters can be determined as A l0 (x) = -76.963 MeV, A u0 (x) = -56.963 MeV, B= 141.963 MeV, C τ,τ = -57.209 MeV, C τ,−τ = -102.979 MeV, σ= 1.2652 and Λ= 2.424p f 0 where p f 0 is the nucleon Fermi momentum in symmetric nuclear matter at normal density. They lead to a binding energy of −16 MeV, an incompressibility of 230 MeV for symmetric nuclear matter and a symmetry energy E sym (ρ 0 ) = 30.0 MeV at the saturation density of ρ 0 = 0.16 fm −3 . The parameter x is introduced to mimic the different forms of symmetry energy predicted by various many-body theories without changing any property of symmetric nuclear matter and the value of symmetry energy at saturation density. The density dependences of nuclear symmetry energy with different x parameters are shown in Fig. 1 . In one of our previous works [62] , the complete Liénard-Wiechert potentials for both electrical and magnetic fields are consistently incorporated into the IBUU11 code. As it was shown both analytically and numerically in detail in ref. [62] , the ratio of Lorentz force over the Coulomb force is approximately (v/c) 2 . The Lorentz force was found to have negligible effect on the ratio of charged pions except at extremely forward/backward rapidities. Thus, unless we consider the second-order relativistic correction to the electrical fields, one can safely neglect the Lorentz force and thus speed up the code dramatically by turning off the calculation of the magnetic fields. In this work, thus only the electric fields are calculated according to the well-known Liénard-Wiechert expression e E( r, t) = e
where Z n is the charge number of the nth particle, R n = r − r n is the position of the field point r relative to the source point r n where the nth particle is moving with velocity v n at the retarded time of t n = t − | r − r n |/c. Naturally, in the nonrelativistic limit v n ≪c, Eq. (4) reduces to the static Coulomb field of the form e E( r, t) = e
Obviously, the most important differences between the two formulas in Eqs. (4 and 5) are the relativistic retardation effects and the non-isotropic nature of the retarded electrical fields of fast-moving charges. In the relativistic case, all charged particles with velocity v n at the retarded time t n contribute to the e E( r, t) at the instant t and location r. Whereas in the nonrelativistic case, those charged particles contribute to the e E( r, t) only at the same moment t. Of course, the retardation effect depends on the reduced velocity β = v/c. In a typical reaction at a beam energy of 400 MeV/nucleon available in several laboratories, the velocities of charged protons reach about 0.7c. It is high enough to warrant an investigation about effects of the retarded electrical fields on several observables useful for studying the highdensity behavior of nuclear symmetry energy. It is well known that for a charge moving with a constant velocity v with respect to the rest frame S, its electrical field seen by an observer at rest in S is asymmetric, i.e., longitudinally reduced while transversely enhanced such that it may look like a pancake at ultra-relativistic energies. More quantitatively, while the electrical field is enhanced by a factor γ = 1/(1 − β 2 ) 1/2 perpendicular to v, it is weakened in the direction of motion by 1/γ 2 . In heavyion collisions at intermediate and higher beam energies, the two Lorentz-contracted nuclei (both in terms of their electrical fields and matter distributions) moving in the opposite directions come to collide with each other under the influence of both strong and Coulomb forces as well as frequent nucleon-nucleon collisions. The complicated dynamics of such reactions is simulated by using the IBUU11 transport model in this work. 
III. RESULTS AND DISCUSSIONS
First of all, it is necessary to mention that to calculate the retarded electric fields e E( r, t), the phase space histories of all charged particles before the moment t have to be saved in transport model simulations. Moreover, a pre-collision phase space history for all nucleons is made assuming that they are frozen in the projectile and target moving along their Coulomb trajectories. More technical details about calculating the e E( r, t) and numerical checks in idealized cases against analytical solutions can be found in ref. [62] . In the following illustrations, we present results for the reaction of 197 Au+ 197 Au at a beam energy of 400 MeV/nucleon. The calculations are done in the CMS frame of the colliding nuclei. The beam is in the Z-direction and the reaction plane is the X-o-Z plane. In the following discussions, we refer the electrical fields calculated using the Liénard-Wiechert formula as the retarded fields while those from using the normal Coulomb formula in each time step as the static electrical fields. But we do generally refer all electrical forces as the Coulomb force.
A. Evolutions of the anisotropic retarded electric fields in comparison with the static Coulomb fields
To help understand effects of the retarded electric fields on the reaction dynamics and experimental observables sensitive to the symmetry energy in heavy-ion collisions, we show and discuss in this subsection the time evolution and space distribution of retarded electric fields in comparison with the static Coulomb fields normally used in simulating heavy-ion reactions. We present here results for central reactions with impact parameters b/b max ≤ 0.15.
Shown in the upper window of Fig. 2 are the strength |eE| contours of the static and retarded electric fields in the reaction plane (X-o-Z) at three instants representing the initial compression, maximum compression and the expanding stage, respectively. Firstly, at the initial compression stage, both the static and retarded electric fields show two strong regions around the centers of the target and projectile above and below the origin of the coordinate. When the two electrical pancakes of projectile and target passing each other, the total electrical field is zero around the origin of the coordinate. Secondly, the retarded electric field is weaker (stronger) than the static electric field at the initial compression (expanding) stage as one expects due to the time delay in the relativistic calculations. Thirdly, at the maximum compression when the system has been sufficiently stoped and thermalized, the retarded electric field is obviously anisotropic in the reaction plane compared with the isotropic static electric field. The fields are appreciably stronger in the X direction but weaker in the Z direction. This feature is qualitatively what the Liénard-Wiechert formula predicts for moving charges. Of course, as we discussed earlier the dynamics of heavy-ion collisions are much more complicated than two approaching charges. Because of symmetries in the plane perpendicular to the beam direction, the strengths |eE| of the electrical fields in the X-o-Y plane are approximately spherically symmetric as shown in the lower window of Fig. 2 . While overall the nuclei are moving in the ±Z direction, because of the Fermi mo- tion in the initial state, nucleon-nucleon collisions, before reaching the maximum compressions, some particles have obtained significant velocity components in the X and Y directions although they are still less than the velocity component in the Z direction before a complete thermalization is realized. Thus, at the stage of maximum compression the electrical fields are still asymmetric in the X-o-Z plane. In more detail and quantitatively, shown in the upper window of Fig. 3 are comparisons of the eE x and eE z in the reaction plane at the instant of 20 fm/c. For the retarded fields, vertically it is seen that the eE x in the ±X directions is significantly higher and covers a larger area than the eE z in the ±Z direction. While for the static fields the eE x and eE z are very close to each other as shown in the left panels of Fig. 3 . In the X-o-Y plane, however, as shown in the lower window of Fig. 3 the eE x and eE y are very close to each other for both the retarded and static fields. Because the Coulomb force is much smaller than the nuclear force, we do not expect the overall dynamics and global properties of nuclear reactions are affected by whether one uses the static or retarded electrical fields. Indeed, as shown in the density contours in the X-o-Z and X-o-Y planes in Fig. 4 , respectively, their evolutions and distributions are very similar. However, it is worth noting that at 20 fm/c, as shown in the middle of the upper-right window of Fig. 4 the retarded electric field leads to a slightly larger high density region due to the weakened repulsive force in the Z direction compared to the static calculation as we discussed above.
B. Effects of the retarded electrical fields on the
We now turn to the relativistic retardation effects of electric fields on the π − /π + ratio. In heavy-ion collisions at intermediate energies, pions are mostly produced from the decay of ∆(1232) resonances. To examine the dynamics of pion production in these reactions, one may use the dynamic pion ratio (π − /π + ) like defined as [17] (π
Because all ∆ resonances will eventually decay into nucleons and pions, the (π − /π + ) like ratio will naturally become the free π − /π + ratio at the end of the reaction. Shown in Fig. 5 is the time evolution of the (π − /π + ) like ratio in central Au+Au collisions at a beam energy of 400 MeV/nucleon with retarded and static electric fields, respectively. The corresponding final π − /π + ratio is shown in the upper window of Fig. 6 as a function of the symmetry energy parameter x. Consistent with previous observations using most transport models, it is seen that the π − /π + ratio is sensitive to the density dependence of nuclear symmetry energy E sym (ρ) regardless how the electrical fields are calculated. A softer E sym (ρ) leads to a higher π − /π + ratio, reflecting a more neutron-rich participant region formed in the reaction.
It has been a major challenge for the transport model community to predict accurately the final π − /π + ratio and agree within 20%. Very often, the predicted effects on even the most sensitive observables, when the E sym (ρ) is modified from being soft to stiff within the known limits using the same model, are on the order 10-50%. This is mainly because the nucleon isovector potential is much weaker than the isoscalar potential. Of course, the exact sensitivity depends on the reaction system and conditions used. Therefore, better understanding various factors affecting appreciably the proposed probes of the high-density behavior of nuclear symmetry energy has been a major goal of many recent works. In this context, it is interesting to see in both Figs. 5 and 6 that the π − /π + ratio at the final stage is about 8% smaller in calculations with the retarded electric fields than those with the static ones approximately independent of the x parameter used. Moreover, as shown in the lower window of Fig. 6 the multiplicities of both π + and π − get increased by the retarded electrical fields. More quantitatively, the multiplicity of π + is increased by about 14% while that of π − by less than 5%. These results are surprising as one normally expects the Coulomb field mainly affects the spectrum ratio of charged pions but not much their individual multiplicities. It is also surprising to see that there is a small increase in the multiplicity of π − which is mainly from nn inelastic scatterings that are not directly affected by the variation of the electrical fields.
To understand the above observations, we investigate the relative change in nucleon kinetic energy distributions due to using the retarded electrical fields compared to the static ones. For this purpose, we examine the ratio
of nucleons with local densities higher than ρ 0 at the maximum compression stage (20 fm/c) in the Au+Au reactions with the retarded (R) and static (S) electrical fields. Shown in Fig. 7 are the R n and R p as a function of nucleon kinetic energy. Interestingly, it is seen clearly that both the R n and R p are larger than 1 for energetic nucleons above about 120 MeV, indicating that the retarded electric fields indeed increase (decrease) the number of high (low) energy nucleons, especially protons. More quantitatively, the number of energetic protons (neutrons) is increased by as much as 25% (10%). As the system approaches the maximum compression where the thermalization is the highest, more energetic particles are being shifted continuously to lower energies. Thus, before reaching the maximum compression there are even more energetic nucleons than indicated by Fig. 7 with the retarded electrical fields. These increased numbers of energetic nucleons are responsible for the increased production of pions. As we discussed earlier, one of the major features of the retarded electrical field is its asymmetries, namely its longitudinal component is reduced by 1/γ 2 while its transverse component gets enhanced by γ compared to the static fields. The stronger transverse electrical field can accelerate more charged particles to higher energies. Some protons can gain enough kinetic energies to bring certain pp collisions above the pion production threshold, leading to more π + mesons. While neutrons are not affected directly by the electrical fields, secondary collisions between neutrons and energetic protons can increase the kinetic energies of neutrons. In addition, neutrons couple to charged ∆ resonances through ∆ − ↔ n + π − and ∆ + ↔ n + π + reaction channels which are affected directly by the electrical fields. Thus, the kinetic energy of neutrons, consequently the π − multiplicity, can also be increased by the retarded electrical Next, we investigate the impact parameter dependence of relativistic retardation effects of electrical fields. Shown in Fig. 8 are the π − /π + ratios in Au+Au collisions at 400 MeV/nucleon obtained using the static and retarded electric fields, respectively, as functions of centrality. It is seen that the reduction of the π − /π + ratio due to the retardation effects is approximately independent of the impact parameter. Overall, since the retardation effect is an intrinsic feature of electrical interactions of charged particles moving at high speeds, given its appreciable effects on the π − /π + ratio shown above, it should be considered when the π − /π + ratio in heavyion collisions is used as a probe of high-density symmetry energy.
To this end, some discussions about comparing with available experimental data especially the ones from the FOPI collaboration [32] are in order. In principle, the results shown in Figs. 6 and 8 can be compared to the data after considering possible detector filterings. A direct and rough comparison with the FOPI data indicates that the π + multiplicity is underpredicted by about 25% approximately x-independently even with the retardation effect. While the π − multiplicity is close to the data only with the super-soft E sym (ρ) of x = 2 but is underpredicted by about 25% with the super-stiff E sym (ρ) of x = −2.
Within the approximately 10% uncertainty of the data, the calculated π − /π + ratios with or without the retardation effect can all reasonably reproduce the data with the x parameter from about 1 to -1. Since we are not considering in the present work several effects, such as the pion potential, the uncertainty of the ∆ isovector potential, the isospin-dependent high-momentum tails of nucleons due to the short-range correlations in both the initial state and during the reaction, that have been shown recently to affect appreciably the π − /π + ratio as we discussed in the introduction, we are unable to make a solid conclusion regarding the E sym (ρ) from these comparisons. Obviously, a more comprehensive comparison of the pion data with calculations considering all of the aforementioned effects are necessary before making a final conclusion regrading the high-density behavior of nuclear symmetry energy. Nevertheless, we are confident that the relative effects of the relativistically retarded electrical fields observed in this work are physically sound and should be considered together with the other effects mentioned above in extracting eventually the E sym (ρ) from analyzing the pion data.
C. Effects of retarded electrical fields on neutron-proton differential transverse flow
From Fig. 7 we have already seen that the retarded electrical fields affect neutrons and protons differently. Especially, the energetic nucleons are affected differently depending on the stiffness parameter x of nuclear symmetry energy. Moreover, as we discussed in detail, because of the asymmetry of the retarded electrical fields the motions of charged particles are influenced differently in transverse and longitudinal directions. It is known that the neutron-proton differential transverse flow probes sensitively the nuclear isovector potential without much interference by the isoscalar potential [17] . Depending on the isospin asymmetry of the system, the isovector potential proportional to δ can be very small. While the electrical force is much weaker than nuclear force, the difference between the retarded electrical field and the static one might be as big as the nuclear isovector potential even in the most neutron-rich nuclei. It is thus interesting to study if and how the relativistically retarded electrical fields may affect the neutron-proton differential transverse flow. The neutron-proton differential transverse flow was defined as [17] 
where N (y) is the number of free nucleons with local densities less than ρ 0 /8 at rapidity y, and τ i is 1 for neutrons and -1 for protons. It was proposed as a sensitive probe of the high-density behavior of nuclear symmetry energy. It has the advantage of enhancing the signal strength of the symmetry energy by: (1) combining constructively effects of the symmetry potential on the isospin fractionation and nucleon transverse collective flow, and (2) maximizing effects of the symmetry potential while minimizing those of the isoscalar potential [17] . Shown in Fig. 9 are the neutron-proton differential transverse flows in the central (upper window) and peripheral (lower window) Au+Au collisions with symmetry energies from being super-hard of x=-2 to super-soft of x=2. Obviously, the sensitivities of neutron-proton differential flow to the stiffness of symmetry energy are clearly visible irrespective of the electric fields used. Moreover, since the retarded electric fields are stronger in directions perpendicular to the velocities of charged particles, the neutronproton differential transverse flow is reduced appreciably as a whole compared to the calculations using the isotropic static electric fields. Furthermore, the relativistic retardation effects of electric fields on the neutronproton differential flow are approximately independent of the impact parameter of the reaction. It is worth noting here that we have also investigated effects of the retarded electrical fields on the transverse flows of neutrons and protons themselves. The effects are negligible as expected because the nuclear force overwhelms the Coulomb force.
IV. SUMMARY
In summary, we investigated effects of relativistically retarded electrical fields on the π − /π + ratio and neutronproton differential transverse flow in Au+Au collisions at a beam energy of 400 MeV/nucleon. Compared to the isotropic static Coulomb fields, the retarded electrical fields are anisotropic and strongest (weakest) in directions perpendicular (parallel) to the velocities of charged particles. As a result, some charged particles get accelerated by the enhanced electrical fields in some directions. These more energetic particles help produce more π + than π − mesons, leading to an appreciable reduction of the π − /π + ratio. Also, the neutron-proton differential transverse flow is also decreased appreciably due to the stronger retarded electrical fields in directions perpendicular to the velocities of charged particles compared to calculations using the static Coulomb fields. Moreover, these features are approximately independence of the impact parameter of the reaction. As the next step, how these effects may depend on the beam energy and N/Z ratio of the reaction system are being investigated systematically. In conclusion, the relativistic retardation effects of electrical fields of fast-moving charges should be considered in simulating heavy-ion collisions at intermediate energies to more precisely constrain the high-density behavior of nuclear symmetry energy using the π − /π + ra-tio and/or neutron-proton differential transverse flow as probes.
